Decidable and computational properties of cellular automata by di Lena, Pietro
   	 
 

  	 
  	
   	

 
 

	 

	   	

  
	


 


  
 
 
 

	

   	
 
 	 
  
!" ""#
                           
 	

  $  
 $
"                     %
% 	

 &$ ' "'""                   (
( )**& 
 $ ""
                        +
 
	
 	
	 
 	

 $
'  ,
 "               -
 ."*' / "   $"    0
 . "  , 1 2
          
 1'
  '" $
'                        
 
	  
%  #
                                  
% 	 2
 "  ' 1'""                
%  1  


 /
'                
% /3
' ""#
                    %
%% 2
" ""#
                      -
%( " ""#
                      %

 
	 
	  
( /4" 
  	 2
                  %%
( )5" 	 2
 &$ 1, 
 
"        %
(% 6' 
 '                        (%
    
!"  
	  
+ "  ""#
                       +(
+ 	""" 
"
                             +-
+ 	
"
 &$  ""#
             +7
+ 	
"
 &$ /3
' ""#
          
+% 	
"
 &$ 2
 ""#
             
+% 8""' 

" 
 *"'                   


	

 #
*
 
 
 /4 
 ""  " , 1 2

       
 9
   /* "$                       
% /3
'  2
" ""#
"               %
% "  2
" ""#
"                 %
%% "  /3
' ""#
"               %
( 	 

 &$ "$ 
 # ' 
 
      %
( )5" 	2 &$
" 
 
 " 
  1, 
 
 n      %0
(% 2   v → v′ 
  (F, t)54 $ G(F,t)          (+
+ "   " ""#
"              
+ "   /3
' ""#
"            
+% "   2
" ""#
"              
+( 	""" 
"
                             %
*
*
  



: $" $"" & *"     	
 
" 
 
 

 $" *"
 "  
   
 
 $ "' 
 $ 

 $
' 
 	 
2  "  $ "" 
 
4 "'"" " 
 " $ &"
' &$$  
 
4 $*
   
 $ 
* 
 

" 

" 	
      
* 
 &
; 
 "  " $ $*
 
 "$ "'""
1 	 2
 
<  *'   *" ' $*
 " &
"  & *' 
 
"" 

 
"= $' "   ">

 *" $ 
"" 
" & '"  


: $" $ & 
*  
**& 
 $  
$" 
 $" ">
 4  
**& 
 
 ""
   	
 
 	
 

 
 

" &
 < 
$" 
 *" 	 2
 $


& &
 ""  3
 
 ?@
: $ #" 
$= 	 2
  *& " " '5
 "'""= 
 " 
" 
  < 3
" $
" 
 
"" A#B 
#
" 
   

 
" 
	
 "C  

 *

 '  *& "  

"
 
 $" 	
 " D" "$ " 
"= "
"
 '
* 4
" ' $  
" 
 	 2

: $ "
 
$= 	 2
  " 
" "


5
"" "'""= 
 5
"" 
" 
 "5
 
"
 :

 " ' $  
#
 "

"" ' $ *

 
 $  

 $ "" 
 $"


 
"" ' $  $  " 
 $ '"

 
 "  A8
 $ $ $"" 
 
5

 
""   "'"  
  $ 
" 
 $
"
 	 2
 $  
*
 "5
"" 
"
	 2
 '= $
= 
* E  
 
"
" 
 '  "'""B
2
 $" 
$=  ?@  
 

"  $" ""#
 

	 2
 " 
 $ 3* 
"* $*
 
 	 2

' 
 
 "
" 
 $ *

 " 
 
 
#5

" 2
 
 $" 
"*
" *'  

 "  
 
 $


& """
1. /*

 " 
  $


" " A  #4 
 
 $ "$ BC
2. /*

 " 
  " 
 " " " 
 
 ""C
3. /*

 " 
  $
 C
  	      
4. /*

 " 
 
4 
 ""= "
" 
5*
 
 "" $ $ < $*
 
 
  $" """ "" 
 
 
 $ " 
 < '" 
 
" ,
 "= $ #" ""
"" 
   
 $ " 
 #4 
 
"= $ "
 "" 
 $
" 
 
 
" &$ $ $ "" 
 $
 
" 

*
$ 
> $ 	 2
  "" 4 "   
 *" 
5

 $ $*  "* " 
 
  
!" ""#

" 
" 
$ 
 ' "'"" $
' ?%= (@  
 
 5
 $
' ?%-= @ :  $" ""#
"  " 
  $
& $ '

"   
 $ 

 
" 
 	 2
 4

 $ 

 &$  
!"  """
  

    
 

: ?(@ 
  
 ;  3* '"" 
  
!" ""#
 '

 $ λ =  "" * 
 
 $ 
  

	 2
 
 " $    ' 
 

	
 "" 
 &
5"
 	 2
    
 $
"$   "  
 
 λ 2
 
 $" 
"*
= " $ *
λ "" " 
 0= $ * $*
 
 $ 

 """ $
$
$ 
 < """ 
 $*

#4 
 → 
 → 
4 → $

$" 
 """ 
$' 
"
 
 
!" """ 1, 2, 4, 3 "*' 5

 
"*" $ " λ * "" $ "  $" "
 & 
         '" 	"" 4 A
4B $*
 "" 
 
 
  	  & "$ 
  $
 $*
  ""

  ""
 
   λc * 
 $'
$"" $ 	 2



 '   
 $ * $*
 &$$ "   
  	  	 	

 $ λ *" $"= 	 2
  
 
 
* 
5

=   *" 

=  
" ;' 
  
  λc *"
$" " $ 
 
 $ 

 
 	
      

$  
!"  
!" ""  &$   
 * $*

 $' 
! 
* ' ; 
 3* " 
 $ 

 5
' 
 	 2
 $" 3"
 &" ' "" ' ;  ?(7@
&$$ "  
$ 
 *
* 	 2
 
 
 "
 "#


 "; F" 4 &"  
 " &
 $'
$""
1. 	 2
  
 
 
4 

"  
" ;' 

 
  λc *"
2.  $ 	 2
  *
* 
 
  
4 

= $
*

 &  
 "   λc *"
$ "" 
 ; *"
 " "
 
!" $"" F
&*= &$
' 
  ;!" ""= $  
" 
 "" &$$

 $
" 
 ; ?(+@
  

   
 $ ;"  &
 *
" 
$" "   

 
 

 

' "'" : = $!" 
   
 $ 
 
 5
*"' 
 	 2
 $ *"' 
   

 " '

* ' "$
& $ "$ 

  "  *"  $
A"= 
 4= ?+@B 
 "
 
$ "'" &$$ " ;
& 
  

'
*" A"= 
 4= ?(@B
 $  " '  
  $ *

 
  ' "'" "
 
"" 
 

=  " $ 
 ""  $
& 
  $  
$ 
 
 $ 

  $ *

 
 $ "'" 2 
"" 
$
" 
 " $ 
"" 
 

   ' "'" "  G
& 
& 

 $ 
 " 
" $ $ " 
 $ 

 )
     
"$ 
$ $"  ;  ?0@ 
 *
  
4' $
' 
 $ " 



"  ' "'"" # ' < 3
" 2 
 

$ $"  ; '  ?@ $ $
" $" $ $ 

" $ 
 
   $ 4""  " 
 
#
 
 "
 
 &$
" 
 $" "
   :  $ ""   
 

 A
"  
B "" 
  	
 " "
 $ $'   " '
" 
 # 

 : " "' 
 " $
& $" &
 
$"  
  
  " $ 
 
 "
 
#
 
*" 
  

  
'   " 
  
 * "" &$
" 
 " 
 &$
"$ 
 $ $
" 
 ?@ 

"  #
 
 *"' &$$ "

  " "'
 A # 
  	
 "B ' "'"" 
$' 
* ""' 

" 
 $ *"' 2
 
 $ 
= 
*" "'
 ' "'" " 
 = 
 3

"  
" 

""' $ "$
& 
' 

* $' 
> $  *" '
"'" " $*  #  
 ""'""
  
  

: 	$ = & *& G' 

 $
'= 
  $
' 
"'
 '" $
' &$$  ""' &
;" 
 
 *"

	$ % 
*"   
**& 
 	 2
= 
"'  $ 
"

 ' "'"" : 	$ (= & *" $ "" 
  	
2
    
"' "   
" 
  	
2
   "$
& $ ' "   
'=  $ " 


$ &$$    "
  

 "   " $" 5
* "= $ '" 
  	 2
 "=  "
 ""= 
2  &$$ "
" $"  " $ "
 
 $ 


 
" &$$
    
  	 2
    & "

' 
 $ "" 
  	 2
 $" """ $ ' " 

' &$$ 
   
 

 *"' : 	$ += &
     

  " 
 	
 	 
 	 2
   

&
 
$ *' 
" 
 $ 
 *&  1
 %   
" $ 
""

 

  	 2
 "   G
& 
&  ""$ 
 $
"" 
 
 
 ""$ 
"  " 
 ""   $ "$
"" 
 
 ' " 
  $
'  & "$
& $ 
&$$ "
  $ $" 
 "
  &
 " 3* 
  
"
 " 
 
 
" "
 
 "    $ $* ' $$
" " 
4'   
  ""#
 
 	 2
 5
 
 "$ " " 
4' : 
 ""#
 $ 



& 
 	 2
 " 4'  
  


 
'   
$ 4
 $ "
 """ & 
 ""#
  
$ 



""#
 
 	 2
 ,
 $ "" 
 "
 "
 """
&  "' * "
 ""' ' 

" 
 $ *"' :
 & "$
& $= 
 
 
 
=  	 2
 

 *"
  

 

F & 
*  *'  

 
 $ "> 
 

 $
'=

 "  "'
 '" $  
*
 
 $" $ "

 
 

"  " "" $ $ 
 
"  "$

" 
 $ ">" ,
  

 
 	

 $
'  ,

  
 ?7@  
 ?(@ 
  

 
 1'
  '"
  

 
  
  
$   	
 " $ $ 
 
 " &$
"  3"

" "" $ " 
 
 *" ' " $ "" 
 
"
&$$   "
* 
  
 : 
 
 
  

" "'= 

""" &
; &$ $ "
" 
 
"     
	
 $  "* 

"  "=  $ 
" 

' 4
" $ 
  2  $ "  
 
  
 &$
 # 
' ' /* * ' *" 

 "
"=
 " 
"" 
 "$
&  " 
 $ ' 
 
" 
 "
* * "

" $ 
 
 	
  " 
 "& $ 3"
 &$$  "

"" 
 #  
 ""  &$$ &  " $
& $ !" 
 "
*
  
 
  
 
 4
 $" "= 
 """
"' "" $ ' 
  
 
 "& $ 3"
 *  

   	   	 
=   &
= " $ &
   
 $ H
,
'   "  

 
 # $ &
" 
  # $ 
A   # $ ,
 n > 0= An = {a1...an | ai ∈ A, 1 ≤ i ≤ n} " $ " 


;" 
 A 
 $ n &$ A0 = {} " $ " 
 >" $ ' &

 $ " 
 # &
" 
 A " # " A∗ = ∪n>0An  A+ = A∗ \ {} 2

 L 
 # $ A " # "  "" 
 A∗=  L ⊆ A∗
: 
 
  
 "& $  3"
 
 
' $
'=  " 5
""' 
 #   
 &' &$  
 " $    
 "

" 
 

 : $ 

& "
" & 
' # "
 
" 



  $ " $' 
  	
    	 	
2 
  "  $'
$ $ #  1935 ' 2  ?++@ :

""" 
  #' 
 	 &$ "'
" A$
" 
 "
 # "B &
  *" 2 
 ;" $  
"
  $ $ " 

 
  # " 
   2 $ " $ $ " $ "'
 
$  
"
 
 $  ,
 $ 

 
  "  "'

=  
 "#" $ & "  $  "'
 
 & 
 $  

 
 
 
* $ 
 A 
 $B 
 
 $
$
% &&  
  M   7
	 (Q,A, b, I, δ, q0, F ) 
• Q      
• A       	 	
• b     !      
   	 
   	  
  	
"
• I = A \ {b}     	
 
  	   	  
• δ : Q×A → Q×A×{L,R}   	 
     
#
 L   # R   
• q0 ∈ Q    
• F ⊆ Q       	 $
$  	 " 
 
 $ 
" 
" 
"  
 "=
"  $"  
" 
 $ $
' 
 
'   $
& & "

"  *''  $ 
   $" " 

&" 9* 
"
 
   $  "  =  &$$ $ 
5
= &$ 4 
 $" = * $" A
"B $ * " $
 " 
* &$
 $ $ "= $ 
'  &' 
 ;
& 
 "  
* 
 & $ 
      "" " "' 
    " 
 $" :  
" $= $ '
 ;
&  $" :  
"! $= $
&*= '
 '
* ;
&   & *' $ $ $"
 
 
 $ $ 
5
 "  $  $  &" 
 
 $ #" 
" 
  
*  ?++@
$  
 '   $ '   
' 
 =
$ $ "" 
 "  '   $ "  
 


$
% &&  
 LM 	   M = (Q,A, b, I, δ, q0, F )    

LM = {w ∈ I∗ | M  	
 w    	  q ∈ F}$
: " 
"" 
 
" " &$$  
 * "*' =
$
&* ,
 " $ 
 L = A∗ \ L 
  "' "*' 5
  L ⊂ A∗ 
  "*'  : " 
 "
 E 

" $  
$ L  L  "*'   " 
"" 
   
$ M &$$ &
;"   
 $;  "
 &
 w ∈ A∗ "  L 
 L
$ $  $ M $" 
 *' &
 w ∈ L $" L 
  "'
   	   	 
"*' 
$   '   $ &$$ $" 
 *'  " 


$
% &&  
 L ⊆ A∗  "*     
  M

  L = LM   
  M      w ∈ A∗$
$" ' 
  &" 
 #  $ 	$
";' $$' ?@ /4"

 "* "   " &$$ 
 &$ $ ""

 " &$$   
 '   $ &$$ &
;" 
' 
 


 
 $  &$
" $ " 4' $ $ 
 $  &
 1 $


 
 $  " 
= $ " &'"   
 
 $  

"" $ $ " 
 
 
   

 $"  " &'" 
"" 
 
  &
 "  
 

      		  
2 %  
= 
 # " $= "  "  "" 
&

 
 

 $  $"
$
% &&  , 1 2

 !%"   	      5
	
(Q,A, δ, q0, F ) 
• Q   # " 
 ""
• A   # $
• δ : Q × A → P(Q)   	 "
 
    P(Q)  

 Q
• q0 ∈ Q    "
• F ⊆ Q      $
  	   	  
 
  " !%"    
    
δ : Q × A → Q# $$     q ∈ Q     a ∈ A   
   !	 " q′ = δ(q, a)$
   "  ,2 M = (A,Q, δ, q0, F ) "  $ &$  *4 
 *'
"  Q $ "    a ∈ A & *" p, q ∈ Q   
' 
δ(p, a) = q   " $ 

 p
w→ q 
 
 $ 4" 
  $  "
 " p ∈ Q    " q ∈ Q "$ $ $ " 
 $ " 
$ $  $ &
 w ∈ A∗
$  	  
 &  '  ,2 " $ " 
 &
" # '
$" " 
 $  *4    $  *4 1$ ""

 " "  

$
% &&  
      
 M = (A,Q, δ, q0, F )
    
LM = {w ∈ A∗ | ∃q ∈ F, q0 w→ q}$
'! 
 &#& : ,  " " $ ""  ,2 
 $ 5
 L = {w ∈ {0, 1}∗ | 0  w, ∀k > 1, 012k0 
 w}=  $  
 
;"

 {0, 1} &$$ 
  " 
   &$$ 
 
 
 ' * "3"

 1" & &
 
"* 0" $  " " $ " q0 $ 
""   " &$  
 
q0 q1 q2
0
1
1
01
	
 & /4 
 ""  " , 1 2


. " $*  &' "   $ "" 
 
" 
  ,2 
" &$ $ "" 
  " 
5
 '  ,2 : = 
 *'   4""  3  A
     	 	 
$  
 ""B # " 

  
 $ "

$"  "
 &$$ 
" 
 !"
 # 

   
 "  $
 
 "'  ' "'"" 2
' "'"   
 "  " 
"" 
  '
 
 &$ $ "'
 
"
" 
  " 
 $ "'" $ '"

 $ "'"" " " '  $ "3" 
 "'
" F & #
 	= $  	 
  "'
 ""  
 "
 "" 

   
 A 
  # " &$ $ " 


' ,
 n > 0= An " $ "

 
;" 
 A 
 $ n  A0 = {} " $ " 
 >" $ ' &

 $ " 
 # &
" 
 A " # " A∗ = ∪n>0An  A+ = A∗ \ {} ,

a ∈ A & 
 &$ a∞ $ # "3 ...aaaa... $  

&
" u, v ∈ A∗ " 
 &$ uv   "' $ u ∈ A∗ "  
  
 v ∈ A∗ 
$ 4" a, b ∈ A∗ "$ v = aub   " $ "$
 u  v 
 
 $ u " 
"&
 
 v
'  	 &  $ 
 " AZ &$ $ 
 


'
2  
 AZ "  
' # "3 
 "'
"  A
x = ...x−1x0x1 = (xi)i∈Z &$ xi ∈ A, ∀i ∈ Z
$ " AZ " 
=     
 &$ $ 


' "
# '
d(x, y) = 2−n &$ n = min{|i| | i ∈ Z, xi 
= yi}
' " d= &
 "3"  
"  $' 
 
   * 

$ 
 

 : [i, j] ⊂ Z "  *  x ∈ AZ & 
 &$ x[i,j] $
&
 xixi+1...xj ∈ A∗ 9*  # &
 u ∈ A+= $ "
   	 	  
[u]i = {x ∈ AZ | x[i,|u|−1] = u}
"     $ ' ""  
 A
"  
B ""  $'
  "" 
 $ 
 


' 
 AZ
$  	 σ : AZ → AZ " $ $


$" # ' σ(x)i = xi+1 $
    (AZ, σ) "  $ 
  2 
 S ⊆ AZ " 

"  σ5* A σ(S) = SB= "" 
   "$ 1
" & &

" "
 $    
  AN     
 S ⊆ AN 8
 $
$ "$  σ 
 AN " 
 *
2 ""$ S " =  
 ' x, y ∈ S  '  > 0 $ 4"" m > 0 "$
$ 
 *' k ≥ m $ 4"" z ∈ S "$ $ d(x, z) <   d(y, σk(z)) < 
 S1, S2  &
 < ""$" 2  	 ϕ : SA → SB "  
5

" 

  "$ $ ϕσ = σϕ : $ 
  " "
 >*  " 
(
 ,
 " & "$ ""   $   *' 

&' " $ "" 
 

" "  ' 
; " A	"5'
5
F $
B 2    ϕ : SA → SB & "$ "" SA ⊆ AZ 
SB ⊆ BZ "  

" σ5
 
  ' "
  		
f : Al+r+1 → B= l, r ≥ 0
∀x ∈ SA, F (x)i = f(xi−l, ..., xi+r)

	
 && !
) * 
  +,-." / 

 σ
 	
  	     $
'! 
 &(& $ "$  σ : AZ → AZ " "  
;   ' $
25
;  f : A2 → A # ' f(a1, a2) = a2, ∀a1, a2 ∈ A
2 "$ " S   
*' 
 
  
  
 $ 

ϕ : S → Sk "$ $ ϕ(x)i = x[i,i+k−1] $ "$ " Sk "  $ 
k 	 
 S   " 


' 
> 
 S
    	 	 
2 ""$ S ⊆ AZ   $ ' $ 
 
 &
" &$$ 

 " "3"
$
% &)& ) S ⊆ AZ   
$        k > 0  S 
   
Lk(S) = {w ∈ Ak | ∃x ∈ S, x[1,k] = w}$
   S     
L(S) = ∪k>0Lk(S)
$  
  ""$ S "
•   ∀u ∈ L(S)  ∀v  u, v ∈ L(S)
•   ∀u ∈ L(S), ∃v1, v2 ∈ L(S) "$ $ v1uv2 ∈ L(S)
2 ""$ S " *
'  ' "  L(S) ?+@
$ 4
 
&$  
 &
"   ""$ S "  


 *

 S $" 3' "  	 	
$
% &*&  


 
'   
 S     
H(S) = lim
n→∞
log |Ln(S)|
n
'! 
 && 	
" $  "$ (AZ, σ) 
 N = |A| "'
" ,
 *'
k > 0= Lk(AZ) = Ak  L(AZ) = A∗ $ 


 
' 
 (AZ, σ) "
H(AZ) = lim
n→∞
log |Ln(AZ)|
n
= lim
n→∞
logNn
n
= logN.
   	 	  
$  "* """ 
 ""$" F &  " ""'  
  	 A1,B    1$" 
 # ' & 
 ' '
?+@ $ "" 
 "
# "$" &" 
 '  "" ?+@ " $ "" ""
&$$ " 
"  
"  &$$ 
" "$" 
 # ' 2 "
# "$
 # " $  
  "$ 
 # '   
  $ 




' 
 "
# "$ " &'" 
 A"= 
 4= ?(@B
1  ""$ S ⊆ AZ "  
" "" 
   "$ AZ= " 
 AZ \ S
" 
   " $"  
 
 
 ' "" 2 ' " " *
'
# ' "
 &
  A∗ $ ' ""$ '  # ' 

 
 

 
 &
" :  ""$   # ' 
  #


 
 &
" $  "  "$ 
 # '
$
% &&  
 SF ⊆ AZ   "$ 
 # ' 0    
    F ⊂ A∗, |F | < ∞ 
  SF = {x ∈ AZ | ∀i < j, x[i,j] /∈ F}$
'! 
 && 	
" $ 25 "$ ({0, 1}Z, σ)  $ " 
 
 
;"
F = {11} $ "$ 
 # ' S{11} = {x ∈ {0, 1}z | ∀i ∈ Z, x[i,i+1] 
= 11} "
;
& "    "$ $  
 $ 
  "$ "
L(S{11}) = {, 0, 1, 00, 01, 10, 000, 001, 010, 100, 101, 0000, ...}
$
% &&  
 S   "
# "$          
	 T     	 ϕ : T → S$
/3*'=  ""$ "    
'     " ' " 
 
  	 2  $ "  # " 

 "$ $ *' *4 "
  "$ $ *' " "  $  
  "
# "$ " &'"
   *& $ "
 
  "
# "$ " $ "$ " # '
$  
   
   $
$
% &&  $ G   	 (VG, EG)  VG      *"
  EG      "$ /   e ∈ EG    " *4
s(e) ∈ VG     *4 t(e) ∈ VG$
    	 	 
,
 

 
*= &$  "  
 $ 
4= & 
 *4
  " 
 $ G "' " V  E = "*'
$
% &#& ) G = (V, E)   	$  *4 "$ Σ  G     
Σ = {v = (vi)i∈Z ∈ VZ | ∀i ∈ Z, ∃e ∈ E , s(e) = vi, t(e) = vi+1}$
$ *4 "$ 
  $ " &'" 
 # '
$
% &&   $ G   	 (G, ζ)#  G   	 '
		 
   
 ζ : VG → A  	     	 A$
/*' "
# "$   " '  
 *" 
  $
$
% &(& ) G = (G, ζ)     	  ζ : V → A$   
S "  G     
S = {a = (ai)i∈Z ∈ AZ | ∃v = (vi)i∈Z ∈ ΣV , ζ(vi) = ai, ∀i ∈ Z}$
8
 $   $ (G, ζ)    15
;  ϕ : Σ → S
'! 
 &)& 	
" $ 
  "$ 
 /4 % $ A"'B
"
# "$ 
 ' $ 25
;  f(0, 0) = 0, f(0, 1) = f(1, 0) = 1 "
   : #  &  "   $ " $ 25
;
"
 
 $ 
  "  *4 "$  $ * "$ " '
$  
 $ *"
4 40 1
41
	
 & 9
   /* "$
  
	 


 
 A	2B & 
 ' I
 8  $ #" ?(0@ " 
" $ 
  
 
 

  	 

;  

 "'""
2
 
 $ 
 #
=   

 
""" 
  #=
  
 " $     ' #  
 "
" AI

8!"  

 " "
B /$     
 
  #
 
 
"" ""  " "
 "=  $ " 
     t "
 
 
 $ "" 
  #  
 " A " $
$

B  
t− 1 /*'  $" $ "  
 
$ " & ;
& 4 
  

 " $ 	
&'!" 1 
) &$$  " #"    $ )
 7- "" 
 1#
2 ?%@ $ $ J
$ 	
&' &" "  "' I

8!" 
 A$" 
  

 
""" 
 29 ""  B
 " 
 #  " 4 
  

 A&$ >" &
 "
 B  
 *" 

 1 " 
= 9 
  $"
 $ " " 
 $ "" &'" $ "  *
* :
"  4 
   "5

 : " " 
 $'"""=


""= 

""= $"= $
"
$"  
$" 
 
"* $ &'
$ 
4 "   
 *' " "
2 	
&'  $ &" 
 $$ *' 
 "  $ 
" "

  !"#$%  $&&'&!% '#()!#!
$ " ""  $ 9 
  & 
 &$
 $ " 
 
"
 $ $ " 
 
""
" "  *' 
 $ 
"= 	
2
 
 ' 
"  $ # 
 "
 
  
"""
1 $ &  
 "  	 2
 " "
 
"= & 
>" &
 
 $ 
" ; 4" 
 " 
 	 2
 
 

2
 $ 
" 
" 
 $ " $ F  " 
 ?0@ $
F '" &" '  "  $
 
 
 "' $ 
"" 
" 
  " 
  "  4  
 "
 5
 
" 2 " 
 " 
 
 F " $ "
 
 &


 
"" 
   

"  
  
" 
< ?@
$" &
; $"  *
 &$ $  
 
 

 
"""
A	2"B " $

' 
> ?(@ E 

 " 
$ 
 
$ *
*" 	2 
"  "'"" 2 
**& 
 $  ""  $" 
  
  ?+@ $  
" 
 
$   45
E=  $ 	2 
$ 
&" $ ;
& 
 $ E " 
  45
' "  $ 
  
 
 "  "
" A E >"B
$ 

 " 
 	 2
 $*  " 4"*'
" $    &" & ;
& " $ $ 	 2

$* $ " 

 " 
  $" A"= 
 4=
?+(= %= = 7@B $!" 
   
 $ 
 
 *"' 

	 2
 $ *"' 
   

 " ' 
*
' "$
& $ "$ 

  "  *"  $ 
 "


$ "'" &$$ " ;
& 
  

' *" ,
 4= $
9 
  &" 
* 
  

' *" ' " "
 "
"   A;
& "    
B 
  
 " ?%@ :
?+@= $ $
 "$
&" $ '  $ &$ m "'
"  n "" 
 " '  
5"
  

 &$ m + 2n "" 

'=  ?(@ $ $
 
*" $  *' " 
5"
  5


 &$ >" &
 "" " *" ' "$
&  " 
"" 
 " $  

 !"#$%  $&&'&!% '#()!#! 
 
$ 

 
= $ '  "'"= &$$ " "
 *"
$ $
' 
 	 2
 &" *
 ' F ?@ 

&
 "  I
 8!" &
; F " 	 2
  $

4 
 "'
 '" " $


$"" 
 $  "$ F!" &
; "

  ' 
 	 2
  &$ $  
"  "'

'" F
&*= " $ <" 
 
>*"= "'
 '" $
'

*" ' " 

" * 
 $ *"
 
 

 
" 

	 2
 $" " ' $ $
 &
;  &$$ & "'
	 2


" 
 $ "$ 
 	 2
 
 $ ' "'"" 
 

*& &" " "  $ $" '  
!" "" 
 ' 


 "" 
 	 2
 ?+-= +0= +7@ : ?@=  
 

"
 $" ""#
 
 	 2
 " 
 $ 3* 
"*
$*
 
   "" 
 	 2
 ' 
 
 "5

" 
 $ *

 
 $ 
 " 
 
 
#
"  

"" $ $ < $*
 
 
  $" """ "" 
  

 $ " 
 < '" 
 
" $ $*  "* "

 
  
!" ""#
 " 
" 
$ 
 ' "'""
$
' ?%= (@  
 
  $
' ?%-= @ $ 
" & ;
& 
/3
'= 2
"  " ""#
" A" ++B
$ " 
 $ $ " 
 " 

&" : 1
 %= & 
*  
5
 #
 
 	 2
 &$  1
 %= & 
*  


 
 	 2
  $ 
4 
  ' 1'" $
' :
=  1
" %= %%  %( & *& "*' /3
'=
2
"  " ""#
"
   
 #

  
" 
' $ "" 
 
5"
 	 2
 # " 
5

$"" 
  "$"
$
% && ) A    	$  
	 (AZ, F )    


    	  m ≥ 0 !
'" a ≥ 0 !	"    

 f : Am+a+1 → A 
 
∀x ∈ AZ, ∀i ∈ Z, F (x)i = f(xi−m, ..., xi+a)$
$ * r = max{m, a} "   
 
 $ 


2
 
 	"5F5'
 $
 ?@= (AZ, F ) "   
5

   
'  F "  

"  σ5
 

$
% &&  
 
  
5"    
  
m = 0 !'
    	 a = 0"$     
 
 
     (AN, F )$
'! 
 && $ "$  σ : AZ → AZ "   

 : " "


5" " $ 
  f : A2 → A " # " f(a, b) = b
   $
  # !
	 2
   
" " "'
 " ' "'" 2"
' "'" $' $*  *' $  *" $*

: $" "
 & *& ;
& "" 
 $ ' 
" 
 	
2
   
! 
*  
 

 
 $ ">  & 
"

 
 
' 
 $ "" $ &  * 
 
 *"
   
""' "  $
" 
" 
 	 2
 &$$  
*
"" 
 
4' 
 $ '"  
 ' 3"
"  

"$ 
"
   	  	 	  
  		   	 
2 " 
 $ 
4' 
   

 " * ' "   : &"

 '  
 
 "' $ 
5 $*
 
 	 2

?+7@  
""" 
  $ 
#
" $  
  ' '

"
$
% &&   "  (AZ, F )      Λ(F ) = ∩i∈NAZ$
$
% &&  
 
 (AZ, F )    "    n ∈ N

  Λ(F ) = F n(AZ)$ 2    " $
'! 
 &#& A1  "B $  

 (AZ, F ) # ' ∀x ∈
AZ, F (x) = 0∞ &$ 0 ∈ A " " " F (AZ) = F 2(AZ) = {0∞}
$  
 $  " 
 	 2
 $" *  
&" " ' $ 3"
 13 
" '  
  ?+0@ &$  "" 
 
 
H
$" 3"
 &" #" ""  ?%= %@ &$ $ $
 "" $ 
5
4' 
  "" ' " 
  $
' "$
& $ $ 

4' 
   "   ' $$ :!" 
 E 
 " $  "

 " 	 2
  &'" 4 "
# "$" A$ 
  

4'B : ?(%@= "" " 
 $ $ "" 
 "
# "$" &$$
   "" 
 	 2
 2 "$ 
 # ' 
  $ 
" 
  "  

 ?%%@  "
 
   "" 
 "
# "'""
?(%@ $  "
 
5"
# "'"" &$$ 
     "" 
 	
2
 ?((@ K ?%+@ "$
&" $  
 * 
" 
  "" 
 	5
 2
  
  : =  " 
 
"" 
  * &$
$  " 
   

 
""" 
' 
  " 
#
 1$
	 2
   	
$
% &&  
 
 (AZ, F )  
  |Λ(F )| = 1$
'! 
 &(& $ "  

 (AZ, F ) 
 /4 % " 

" Λ(F ) = F (AZ) = {0∞}
      	  	 	
8
 	 2
  " $ 

& "=  
 K= "
" 4"*' 
 
* $ 
$ 


 
"  

	
 &)& +34. 2  
     
 
  	$
$ 


 
' 
   

 (AZ, F ) " "
  " 
 $

4' 
 $  F  : &" 
 
  ' "'"" 
?@ ,
 	 2
  $"  " #
     
 

$ 
' 
 
 
$
% &*&  
 
    k > 0  (AZ, F )       
 '
 Σk = {y ∈ (AK)N | ∃x ∈ AZ, ∀n ≥ 0, F n(x)[0,k) = yn}$
: $ 

 " 
 "=  $ 
  $" 
' 
= $ 


 Σ1+a " 
 "' &$ Σ  "    1 $

 
"  "'
 
" 
 $ 

= $ 


 
' 

*' 
 
 "  
& 
 
 $ 


 
' 
 $ 


$
% &&  


 
'  (AZ, F )     
H(F ) = lim
k→∞
H(Σk).
'! 
 && $ 
  

 
 /4 %0 $" H(F ) = 0
" 
  k > 0= Σk = {x ∈ (Ak)N | x0 ∈ Ak  xi = 0k, i > 0}  H(Σk) = 0

 ' $ 


 
' 
 
 	 2
 " &'"

 : =  " 
 
"" 
     

 $" "'

"* 


 
' $" " 
 $ 

& "

	
 && +,5.  	 	  
 
   
	
$
,
 
5" 	 2
 $ 


 
' $"   $5

 "  
" &$ $ 
' 
 $ 
 


	
 && +-. ) (AN, F )      $  H(F ) = H(Σ)$
   	  	 	  
: "  
 3"
 &$$ $
 %(   4 
  	
2

,
 &&& ?7@ ,
 *'  

 (AZ, F ) " $  A
B
 k > 0 "$ $ H(F ) = H(Σk)H
   			 		
  *& "
 


 
" 
 	 2
 " 
 $ 
 

3
' 
 $" 


 
"   
 
 '
' "'""
2 
 x ∈ AZ "  3
' 
 
 (AZ, F )  $ 
 
 *' 
 
*' $
$

 
 x "' 
* 
" 
 $ 
 
 x
$
% &&  	 x ∈ AZ   3
' 
  (AZ, F ) 
∀ > 0, ∃δ > 0, ∀y ∈ B(x), ∀n ≥ 0, d(F n(x), F n(y)) < 
2  

 " '


   
 " 
"  '


	
$
% &#& !/'

" (AZ, F )  3

" 
∀x ∈ AZ, ∀ > 0, ∃δ > 0, ∀y ∈ B(x), ∀n ≥ 0, d(F n(x), F n(y)) < 
$ 

& $
 $" 3

" 	 2


	
 && +35. %  
 
 (AZ, F )     
'
6
1. (AZ, F )  '



2.   m ≥ 0# n > 0 
    x ∈ AZ#     i ≥ m 
 F i+n(x) = F i(x)$
     	  	 	
,
 $
 %- 

&" $ *' 3

"  

 " "

"
'! 
 &(& $ '  

 (AZ, Id) # ' Id(x) = x "
3

" " 
 *' x ∈ AZ  
 *' k > 0, F ([x[−k,k]]) = [x[−k,k]]
'! 
 &)& $ 
  

 
 /4 %0 " 3

"
2  

 "  '


   $"  " 
 3
'


$
% &*& ! /'

" (AZ, F )  
" 3

" 
∃x ∈ AZ, ∀ > 0, ∃δ > 0, ∀y ∈ B(x), ∀n ≥ 0, d(F n(x), F n(y)) < 
' #
= *' 3

"  

 " "
 
" 3
5

" 2
" 3

" 	 2
  $ ' $ "

 
; &
"
$
% &&    u ∈ A+  |u| ≥ k > 0  k5
;  (AZ, F )  
 p ∈ [0, |u| − s] 
 
∀x, y ∈ [u]0, ∀n ≥ 0, F n(x)[p,p+s−1] = F n(y)[p,p+s−1]$

	
 && +3-. %  
 
 (AZ, F )     
'
6
1. (AZ, F )   '



2. (AZ, F )      $
'! 
 &&  (AZ, F ) &$ A = {0, 1}  $ 	 
  


# ' F (x)i = xi−1xixi+1 " 
" 3

" " $ &
 0 " 15

;
2  

 "  &$ 
 *' 
 x=  *' $
$



 x $ 4""  
 y &$
" 
 " 
 $ 
 
 x
   	  	 	  
$
% && !" (AZ, F )  ""* 
∃ > 0, ∀x ∈ AZ, ∀δ > 0, ∃y ∈ B(x), ∃n ≥ 0, d(F n(x), F n(y)) ≥ $
 $ $" 
" 
 $
 
  ' "'""= 
 	 2

""*' " 
 
" 3
'

	
 && +3-. %  
 
 (AZ, F )     
'
6
1. (AZ, F )  
2. (AZ, F )         $
'! 
 &#& $   

 (AZ, σ) " ""*

"*' 4"*"" "  "
 
 
 ""*' 2  


" 	 	  $ 
" 
 *' &
 " 
" *' "
 $ *


$
% && !7 	" (AZ, F )  
"*' 4"* 
∃ > 0, ∀x, ∀y 
= x, ∃n ≥ 0, d(F n(x), F n(y)) ≥ $
$ "  " "" 
 
"*' 4"* 	 2

$
% &(& ) (AZ, F )        
 f : Am+a+1 → A$
• (AZ, F )   *  ∀u ∈ Am+a−1, ∀b ∈ A, ∃!a ∈ A $$ f(au) = b
• (AZ, F )  $ *  ∀u ∈ Am+a−1, ∀b ∈ A, ∃!a ∈ A $$ f(ua) = b
• (AZ, F )  *        	
$
$ 

& 

"
 "$
&" $ * 	 2
  
"*'
4"*
-	  &)& ) (AZ, F )   
 
   m   
	 a# m < 0 < a$
     	  	 	
• 2 (AZ, F )  	
  (AZ, F )  (
    |A|m+a
 
(Σm+a, σ)$
• 2 (AZ, F )   	
  (AN, F )  (
    |A|a
 
(Σa, σ) !   	
  "$
7$  x   "3 
 $ 
5" |A|m+a5 "$ 1 (AZ, F ) " 5
* $ 4"" 4' 
 "3 y ∈ AZ " ∀i ∈ N, F i(y)[0,m+a−1] = xi
/3*'=  x   "3 
 $ 
5" |A|a5 "$= " (AZ, F ) "
$ *= $ 4"" 4' 
 y ∈ AN " ∀i ∈ N, F i(y)[0,a−1] = xi
'! 
 &*&  (AZ, F )  # ' F (x)i = [(xi−1 + xi+1) mod |A|] $
(AZ, F ) " * &$ −m = a = 1  Σ2 " $ 45 "$
$ 4"" "
 
"*' 4"*  
 &$$  
 *
$ $
 
 

"
 %7 $
" 
 ' 
"*' 4"*
	 2


	
 && +35# 45. ) (AZ, F )   	 	 
 

  
 r$  (AZ, F )  (
       	 (Σ2r+1, σ)$
1 *' 
"*' 4"* 	 2
 " 
> 
 Σ2r+1  "
"' 
 " $ $ 4""  σ5
 
>' ϕ : Σ2r+1 → Σ2r+1 "$ $
$ &
 ' "'"" (AZ, σ)  (Σ2r+1, ϕ)  
>
$ 

& ""#
 
 	 2
 " KL;!" 
#
 ?%@

 9!" /3
' ""#
 ?(@ 9!" ""#
 " " 

"5$
 
"= &$ KL;!" 
 "" 
' 


 
"
		" && +3-. / (AZ, F )        6
E1 (AZ, F )  '



E2 (AZ, F )   '


 
  '



E3 (AZ, F )   
  	 	
E4 (AZ, F )  	 	$
   	  	 	  *
1 
"*' 4"* 	 2
 
 
 4"  ' "

$ $ 1 A" ?+%@B= /3
' ""#
   
 
' 


5"
 	 2

: " "' 
 " $ 3
' " 
   
' 2""  "
$= " 3

" 	 2
  "  &
  
"" 


 $  "  $ $ 
' &
   

$
 %7 
 '=     	 2

 " 
"
3

" &$$ " $ ""*' " "
 

	
 && +89. 2  
     
 
      $
: " ' ;
&  
"*' 4"*"" "   
'
,
 &&& :" 
"*' 4"*""   
'H
   		
: ' "'""=   "  " 
& &$$ $ "'" *
*"  

 
$  ,
 $ " 
   
= >
" $  
" 
$ 

$ 
 "  
" *  "$'  
 # $'
$ 
 
 
 
 (AZ, F ) &  
 # $ ω5 
  "
$
% &&  ω5    U ⊆ AZ  ω(U) = ∩n>0∪m>nF n(U)$
$
% &&  	  Z ⊆ AZ   
     F 
 	  U ⊆ AZ 
  ω(U) = Z$  	    3"5

     
   $     
  :   		 
     $
/*' (AZ, F ) $"  " $ 4 
 Λ(F ) = ω(AZ)
$
% &#&  " 
 
    Z       
B(Z) = {x ∈ AZ | ω(x) ⊆ Z}$
     	  	 	
$ " 
 
 " &'"  
 F 5* "
$" 

& ""#
 " KL;!" # 
 F'!" 2
 ""#


 	 2
 ?%@
		" && +3-. / (AZ, F )        $
A1     ( $
A2    
'
  '
$
A3    
'
    0  ω(AZ)$
A4    
'
   ω(AZ) 
= AZ$
A5    
'
   ω(AZ) = AZ$
  " "
 4" 
 "$
& $ 2
 """  
 '
'! 
 &(& $ '  

 
 /4 %0 $" &
 ">


" ω([0]0)  ω([1]0) $  
" 
 "" A1
'! 
 &)& $ *
  

 ({0, 1}Z, F ) # ' F (x)i =
xixi+1 $" 3  3"5
 {0∞} = ∩kω([0k]) A" ?%@ 
 ?%-@B 
 
" 
 "" A2
'! 
 &*& $  

 
 /4 %% $" >" &
 
"
ω(AZ) = {x ∈ AZ | 10+1 
 x}  {0∞} 
= ω(AZ) )*
"' {0∞} "  


/*' 
  

 "  "" A4 &$ *' 
"*' 45
"* 
 "  "" A5 A" ?%-@B
  
! ;
&   "  $ "$  "
 
 $ 2
 """
,
 &&& :" $ "$  2
 """ H
   	  	 	  
2 " "" 
 
" 
 	 2
 " $ "" 
 ""$

"
$
% &&  ""$ 
   σ $
1"$ 
" $*  
"  ?%7@  ?@ $'   '

 * "" &$$  "
 	 
$
% &&  	 F   U ⊆ AZ  "  F k(U) ⊆
σ−1(U) ∩ U ∩ σ(U)   k > 0$
$ 

& 

"
 $" 
 "" &$
" 
 "  "5
"$ 
"
-	  && +,,. ) (AZ, F )   
 
   U ⊆ AZ  	
F  $  ω(U)   
       U  	 $
/*'  

 (AZ, F ) $"  " 
 ""$ 
 ω(AZ) 
  $* "
  #  
 ""$ 
" ?@ ,
 "= KL;
?%7@ "$
&" $= 
 ">*  
= $  " " $ 3 ""$

 :    

  $*  #  
 
"
 >" 
 ""$ 

'! 
 && $ F'  

 
 /4 %%7 $" 3 
3"5
 0∞  3 ""$ 
 ω(AZ) = {x ∈ AZ | 10+1 
 x} A"
?@B
$  

 
 4 %%7 " "   $" >" 
 ""$

 &$ $ 
  /4 %( $" &
 " ""$ 
"   "
"
 " $  

 &$  #  
 ""$ 
"

 /4 6  ?@ " "
 "    
 & 
 $ 4" 
 "
	 2
 &$  #  
 ""$ 
" 
 "' &$ &

" ""$ 
"
,
 &&& :" $  "  

 &$  #  

""$ 
"H
    	  	 	
   		
$ 
4' 
 $ " 
 $ 
 
" "  " 
 $ 
4'

 	 2
 $" " &" 
 ' KL; 
  '
"'"" A?%0@B 9* "
 
 
 Σk 
   

= $ 
L(Σk) " &'" 
4 ""*= "  " &'" 
"" 
    


 
    
; w ∈ (Ak)∗ " "
  L(Σk) A" ?+@B $  	
2
 &$
" 
 
" "  "' 
4 ""*
'! 
 && ?+@ ,
 $  

 ({0, 1}, F ) &$ F (x)i = xi+1xi+2
$  
 $ 
 
 Σ1 " 
4 ""* " 1
n0m1 ∈ L(Σ1)  

'  m > n
)$ """ 
 
4" " '
$
% &#&  
 
 (AZ, F )  
 
  ∀k > 0, ∃m >
0, ∃n > 0 
  ∀x ∈ Σk, ∀i ≥ m, σi(x) = σi+n(x)$
$ "" 
 
 
 	 2
 
" &$ $ "" 

3

" 	 2


	
 && +35.  
 
  
   	  0  '


$
2 ' "'" "  &$  
 " 
 ""$"  "
# ?%0@ $"
#
 "#" 
 	 2
 
 $* "
# 
 
"
$
% &(&  
 
    ∀k > 0# Σk    $
'! 
 &)& $ 
  

 
 /4 %% "  8

$ 
  k > 0= 
 *' x ∈ Σk= σk(x) = (0k)N
. 	 2
   "
 "" 
4 "'""
$
% &*&    (AZ, F )  x0 ∈ AZ  xn ∈ AZ   '
 

 xi ∈ AZ 
  d(f(xi), xi+1) <   0 ≤ i ≤ n$
   	  	 	 
2 5$ "  
4
 
  
  $ "$ 
4
 &
;" 
 
  "$
  
 ""= $  ' "'"" &$
" 
" 
 
4 
    
 ""
$
% &&  	 x ∈ AZ    (AZ, F )  '
 x0, ..., xn ∈ AZ
 d(F i(x), xi) <   0 ≤ i ≤ n$
$
% &&  
 
 (AZ, F )   "$
& 
'  
  > 0    δ > 0 
     δ     	$
$ 
" 
  ' "'" &$ $ "$
& 
'  
4
-	  && +35. / 
 
     		 

$
$ 
*" 
 

"
 %+% "   
  A" /4 +-0  ?%@B
$ 

& ""#
 " KL;!"  ""#
 
 	 2


 
 $  
4' 
 
 
"
		" && +3-. / (AZ, F )        6
L1 (AZ, F )  
   	 $
L2 (AZ, F )  
  
   	 $
L3 (AZ, F )   
$
1 
 
 	 2
 
 &$ 3

" 	5
 2
=  

&" $ $ "$  L1 "  : 1
 (%
& & "$
& $ ' " "
   
' &$$ " $ $
"$   " """ " 
$ "
" """ & $  ""#
"  "$
&  #" %=
%  %%
     	  	 	
E1
E2
E3
A1 A2 A3 A4 A5
X
X
X X
X
X
X
X
E4
X X
X X
X
	
 & /3
'  2
" ""#
"
L1
L2
L3
X
A1 A2 A3 A4 A5
X
X
X X
XX
X
X
X X X
	
 & "  2
" ""#
"
L1
L2
L3
X
E1 E2 E3 E4
X
X
X
X
X
	
 & "  /3
' ""#
"
  
 	 

: $" $ & *" 
 	 2
 A"  #
 %(0B
  "$
& $ ' "   
' 

*= & "$
& $ 
& ;
& $   

 "  $ &     " 
 

3

" 
 
"*' 4"* =  $ 

 " "
 
5"= &
 
 " 


 
'
: 1
 ( & "$
& "
 4" 
  	 2
 : 
& "$
& $ * 	 2
   : 1
 ( & *"
 """ 
  	 2
 $ "" 
 
5" 	 2

&$
" 
 
"  "$" 
 # '   "$
& $    " 


"" 
   $ 
 
 
  
5"  

 "  "$

 # ' A"" 
 $" "
  
  ?-@B ,
 $" " 
"!


& $ ' 
 $ ' 
' &$$ " *"  1

(% A"" 
 $" "
  
  ?0@B
 %& 
    $

: 1
 %( & "& $ $ "" 
  	 2
 "  :
= 3

"  
"*' 4"* 	 2
  
  +	    	
F & *" $ ' 
 $ "" 
    	 2

$
% && )    Xn = {1, 2, ..., n}Z     '

 	 {1, ..., n}# n > 0$
$
% &&  * 
 
    
 (Xn, F ) 

   
 f : {1, ..., n}2r+1 → {1, ..., n}    
f(x−r, ..., xr) = [Σri=−raixi mod n]  a−r, .., ar ∈ N$
: " "' 
 $;    

 " * 

*= 
"  
5
" &$$       
 * 	 2

A" ?(@B  "$
& $ * 	 2
  
$ 

& $
" 
* "*'  " 
' 
 * 	5
 2
   "
 $
 
 * ""* 	 2

$
% && )   Fn = F mod n$

	
 && +,8. ) (Xpq, F )      
 
  gcd(p, q) =
1$  (Xpq, F )  (
       
 
 (Xp×Xq, Fp×Fq)$

	
 && +4-. ) (Xn, F )      
 
   

f(x−r, ...xr) = [Σri=−raixi mod n]$  (Xn, F )        
  	 p 
 
p | n and p 
| gcd(a−r, ..., a−1, a1, ..., ar).
$ 

&  "$
&" $ 
 *' * ""* 	2 (Xpk , F ) &$ p
= $ 4""  h > 0 "$ $ $ 
  
 $ * 	2 (Xpk , F
h) "
*  " $
"  
" *
 
 &#& +,8. ) (Xpk, F )        p 	    

f(x−r, ...xr) = [(a−rx−r + ... + arxr) mod pk]$ 
		 (Xpk , F )    
 ai 
  gcd(ai, p) = 1$  
L = min{j : gcd(aj, p) = 1}, R = max{j : gcd(aj, p) = 1}.
 +	    	 
   h ≥ 1 
    
 fh    F h   
fh(x−hr, ..., xhr) = [ΣhRi=−hLbixi mod p
k] with gcd(bhL, p) = gcd(bhR, p) = 1.
' 

"
 %7=  5*  

 "  $= '
 (= &  
 $ ' ""* *  

 (Xpk , F )
&$ p  " 

	
 &&    
 
  
$
7$ ' $
 ((= ' *  

   

"  $

 
  #  
 * 	 2

(Xpn11 × ...×Xpnkk , Fpn11 × ...× Fpnkk )
&$ p1 
= ... 
= pk  " 2 *  

   $
3

" 
 ""* ?(@ : 
$ "" (Xpnii , Fp
ni
i
) "  
  1 ≤ i ≤ k
$ $ 
 "  

 
=  
  " 
 ;
& &$ " $ "" 
 
5" "
#
"$" &$$ " 
 
 
" 
 	 2
 1
 & " $ 

&
3"

,
 &&& :" *' 
5" "
# "$ 
> 
 "
 
 
 

"
  

H
   
* 
'   "&
-	  &(& /       	  (
    
      
 
$
7$  X   
5" 1, 
 
 K > 0   Y = XK  $ $$
K5
; "
 
 X   "  
 
 #  	2 (AZ, F ) &$
" r = 1 "$ $ Σ = Σ1(A
Z, F ) = Y   A = L1(Y )   f : A2 → A 
$ 
  
 (AZ, F ) # '
f(a, b) =


b if ab ∈ L2(Y )
c otherwise, for some ac ∈ L2(Y )
   ,  	    
' #
= L2(Σ) = L2(Y ) $ Σ ⊆ Y  	
*"'=  x ∈ Y   y ∈ AZ
"$ $ y[0,∞) = x ' #
= ∀i ≥ 0, F i(x)0 = xi $ x ∈ Σ  Y ⊆ Σ
'! 
 &)&  X  $  1, 
 $ A = {0, 1, 2, 3} # ' $


& " 
 
& 
;" {01, 12, 21, 23, 33} : # (  " 
"" 
 "
$ $ "
 
 X  $ 
;  # ' $ 
 "
 

"
 (0 8
 $ 
;" 20  22    <' 
 $
1 
 3 &$
 $ $ "'
 
 
 &$ 1
3
1
2
0
00
1
01
1
03
1
02
1
10
2
11
2
12
2
13
2
20
1|3
21
1
22
1|3
23
3
30
3
31
3
32
3
33
3
	
 & 	 

 &$ "$ 
 # ' 
 

 '   $
  ! 
'
 

: $" "
 & 
*  $
 
 
5" 	 2
 &$
"

 
"  "$" 
 # ' A (B ,
 "$ $

&  "' * $ 
' $ *  	2 (AN, F )  k > 0=  " 
""

   Σ "  1, 
 
 k A$
 (B
$  
"3" 
 $
 (  $ $ 


 
'
" 
 
 ' 
5" 	2 (AN, F ) &$
" 
 
 Σ "  "$ 

  ,  	     *
# ' A

"
 (B  $  "     Σ "  1,
A

"
 (%B
$
% &*&  1, k5
4
 ! 	 k5
4
"   
   
 X      % X(k) 
  x ∈ X(k)     
x[i,i+k−1] ∈ Lk(X)# ∀i ∈ N$
: Σ "  1, 
 
K > 0=  $" $ 
 ' k ≥ K= Σ(k) = Σ F
&*=
 =  Σ(k) = Σ(k+1) = ... = Σ(k+ i) 
 "
 k, i > 0= & 
 

$ Σ $" 
 k $ 

& 4 "$
&" $=  =   # 

 "  """* 1, 
4
" 
 Σ 
 &$ $ " 1,
X= & 
 
 $ Σ = X
'! 
 && ,
 ' n > 0=  Xn = {a, b, c1, ..., cn}   $  
(XNn , Fn)  $ 
5" 	2 &$
" 
  fn : X
2
n → Xn " "  #
( ,
 ' n > 0= $ "3 
 1, 
4
" 
 Σ " 
 
 2
 
 
 n 
 &$ $ 1, 
 
 2 # ' $ " 
 
& 
;"
{aa, ab, ba, c1c2, c2c3, ..., cn−2cn−1, cn−1cn, cnb} $" "$ 
 # ' " "
"  "$  # ( : " "' 
 *' $ a...a = an+1 /∈ L(Σ) &$$ "
$ Σ " 
  1, 
 
 n
  "$
& $ $!"  <* 
$ &' 
   Σ(k) = Σ 
 "

k > 0 : 
 
 " $"= &  
 
 "
 ' 
"
$
% && ) (AN, F )       b ∈ Lt(Σk)# t, k > 0$ ;   b
   '
    b′1...b
′
t  b
′
1, .., b
′
t ∈ Ak    '
   
b′′1...b
′′
k  b
′′
1, .., b
′′
k ∈ At$ )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X1 = Φ[1,r+1](Σ2r+1(K)), ..., Xr+1 = Φ[r+1,2r+1](Σ2r+1(K))
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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t > 0 $ Lt(Σ2r+1(K))⊆ Lt(Σ2r+1)
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2. A:* 	"B 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" "  
"3 
 $
    ,  	    
 $ −1t,2r+1(Lt(Σ2r+1)) = −1t+1,r+1(Lt+1(Σr+1))  b1  ...  br+1 ∈
Lt+1(Σ2r+1(K)) &$ b1 ∈ Lt+1(X1), ..., br+1 ∈ Lt+1(Xr+1) $= b1, ..., br+1
∈ Lt+1(Σr+1) = '  (=  

&" $ b1 ...br+1 ∈ Lt+1(Σ2r+1)
8
& &  ' 
 "$
& $ *  	2 (AN, F )  k > 0  " 
"" 

  Σ = Σ(k) 8
 $ $" " $ $ " 
 	 2
 &$
"

 
 "  1, " "*'  $ 

 " ""' 

$  $ $ 

 
" '  ( " 
$' $;

	
 && )       
 
 (AN, F )    k > 0$
#       Σ = Σ(k)$
7$  r  $ " 
 $ 	2 : " "' 
 " $  " &'" 
"" 
 
5
  ,12 
 L(X) &$ X = Σ2r+1(k) 

*= *  ,12 
5
 L(X)=  " "' 
  r+1 ,12" 
L(Φ[1,r+1](X)), ...,L(Φ[r+1,2r+1](X))
$= "  ""$ " 
'  ' " = ' 
(= $ ' 
 &$$ Σ 3" Σ(k) 
" 
 $ ' 
 $
3* & # " 

,
 $
 ( 

&" $ $ 4""  
$ &$$= *  	2=

"  $ "
 
 Σ 
* Σ "  1,= 
$&" &
;" 
*
$"= "  
"3 
 $
 (= $ 


 
' " 
5
 
 $ "" 
 
5" 	2" &$
" 
 
"  1," : 
"=
 
" "
 
 $  "    	2 "  $" ""
-	  && ) (AN, F )   
    
		 Σ   %$ 
H(F )  	
$
7$ 1 $ 


 
' 
  "
# "$ " 
= $ 

 

&"

 

"
 %(  $
 (
2  3"
 " 
 ";  &  4 

"
 ( 
 $ &$
 ""

 
5"  	 2
 : $ 4 "
 & 
*  
"*
"& 
 $" 3"

    
-	  && ) (AN, F )   $ 2  
    Σ   %$
7$ $ 

 "  
 
 $ 
' 
   " 
"" 

  Σ "  1, $  " 
"" 
   (AN, F ) " 

' #
= (AN, F ) " 
  ∃x ∈ AN, σ(x) = x  ∃N > 0 "$ $
∀n ≥ N,F n(AN) = x : (AN, F ) " 
 $ Σ "  1, : = (AN, F )
" 
   
'  Σ "  
5" ""$ "$ $ ∀n ≥ N, σn(Σ) = x[1,r]
9*   $ "
 
 Σ= $" " 

 " 
$'
$;
1
"  "   Σ "  1, :  " 
  1, $ (AN, F ) " 


 
$&"= ' $
 (= Σ " 
 $  " 
"" 
 $;
 $ 4"" N > 0  a ∈ Ar "$ $ ∀n ≥ N, σn(Σ) = a
 (" 
 
: $" "
 & "'   	 2
 : $ *
" "

A1
 (B & "& $  "  &$$  
5"  


$" "  "$ 
 # ' "  
 
 F & "$
& $ ' "
  
' A	

' (%7B 

*= & "$
& $  & ;
& $
  

 "  $ &    
 
 " 
" &$$
  
  	 2
 ,
 "= & "$
& $  &
" 
  	 2
 &   
'= 3
' 

"*' 4"*"" A

"
 (%0B = " &   $ *
"
"
= & "$
& $ $ 


 
' " 
 
 $ &$
 "" 


5"  	 2
 A

"
 (%-B $ ' 
 5
' "  * 
"3 
 $" ' ""

" 
 
 <
 $ &  *
 
 "$
& $  S ⊆ (A2r+1)N "  "
#
"$  (AZ, F ) "  	2 &$ " r=  " 
"" 
  &$$ S = Σ2r+1
A$
 (%+B $" "
 " $"  
 
 
"3" $ 
" *

 " $ 
  	2  " 
"" 
 
 
 ""$" 
 *' *
    
&$ A$
 (%B 2 
 ' "" 
  	 2

"' 

&" 
 $" 
'
: 
 
 "$
& 
  ' " A$
 (%+B &  

# $ 
 
  
  "
# "$  
 "$
& "
 " 
5
"
$
% && ) (AZ, F )      
 r$ ) G = (V,E, ζ)    
	  ζ : V → A2r+1$ % t > 0#   A,=B54"
  G    
	 G(F,t) = (Vt, Et, ζt)#  ζt : Vt → A2r+t#        !

 4$3"6
• *4 "
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∀v = (v1, ..., vt) ∈ Vt, ζt(v) = a where a[i,2r+i] = ζ(vi), 1 ≤ i ≤ t.
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